Hidden pair-density-wave order in cuprate superconductors by Feng, Shiping et al.
Hidden pair-density-wave order in cuprate superconductors
Shiping Feng∗, Deheng Gao, Yiqun Liu, Yingping Mou, and Shuning Tan
Department of Physics, Beijing Normal University, Beijing 100875, China
When the Mott insulating state is suppressed by charge carrier doping, the pseudogap phenomenon
emerges, where at the low-temperature limit, superconductivity coexists with some ordered elec-
tronic states. Within the framework of the kinetic-energy-driven superconductivity, the nature of
the pair-density-wave order in cuprate superconductors is studied by taking into account the pseu-
dogap effect. It is shown that the onset of the pair-density-wave order does not produce an ordered
gap, but rather a novel hidden order as a result of the interplay of the charge-density-wave order
with superconductivity. As a consequence, this novel hidden pair-density-wave order as a subsidiary
order parameter coexists with the charge-density-wave order in the superconducting-state, and is
absent from the normal-state.
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One of the most remarkable features in cuprate su-
perconductors is the presence of the pseudogap in the
temperature range above the superconducting (SC) tran-
sition temperature Tc but below the pseudogap crossover
temperature T ∗1–3. In particular, the experimental re-
sults from the angle-resolved photoemission spectroscopy
(ARPES) observations indicated that this pseudogap can
be identified as being a region of the self-energy effect
in which it suppresses the spectral weight of the low-
energy quasiparticle excitation spectrum4–10, where the
low-energy spectral weight of the quasiparticle excitation
spectrum on the electron Fermi surface (EFS) around the
antinodal region is gapped out by the pseudogap, leav-
ing behind the low-energy spectral weight of the quasi-
particle excitation spectrum only located at the discon-
nected segments around the nodal region to form the
Fermi pockets. This Fermi pocket consists of the Fermi
arc and back side of Fermi pocket. However, the ex-
perimental results observed recently from different mea-
surement techniques11–22 demonstrated that the charge-
density-wave (CDW) order exists within the pseudogap
phase, appearing below a temperature TCDW well above
Tc in the underdoped regime, and coexists with supercon-
ductivity below Tc. TCDW is the temperature where the
CDW order develops, and is of the order of T ∗. Further-
more, the CDW vector QCDW was reported to connect
two tips of the straight Fermi arcs11–22. These experi-
mental results show that the CDW order plays a very
important role in the physics of the pseodogap phase of
cuprates superconductors11–22. On the other hand, the
measurements of the Hall coefficient in high magnetic
fields indicated that the EFS reconstruction by the CDW
order ends at a critical doping that is lower than the
pseudogap critical point23, which therefore show that the
pseudogap and CDW order are separate phenomena23.
Despite the general consensus about the existence
of the CDW order in cuprate superconductors11–23, its
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physical origin is still controversial. Theoretically, two
main scenarios are disputing the explanation of the na-
ture of the CDW order. In one of the scenarios24–30,
the CDW vectors spanning the tips of the Fermi arcs
are a manifestation of the pseudogap formation due to
the CDW order, while in the other31–33, the pesudo-
gap phase is attributed to the pair-density-wave (PDW)
state, where electrons on the same side of EFS are paired,
and therefore is different from the CDW state. In this
scenario, the CDW order only appears in the pesudo-
gap phase as a subsidiary order parameter, and the tips
of the Fermi arcs themselves result from an EFS insta-
bility around the antinodal region that is distinct from
the CDW order. In this case, some natural questions are
raised: (i) what type ordered-state is the crucial ordered-
state for the competition with superconductivity? (ii)
does the PDW order coexist with the CDW order and su-
perconductivity? In our recent studies28–30, the physical
origin of the CDW order and of its interplay with super-
conductivity in cuprate superconductors have been stud-
ied within the framework of the kinetic-energy-driven SC
mechanism by taking into account the pseudogap effect,
where the main features of the CDW order in cuprate su-
perconductors are qualitatively reproduced11–22, includ-
ing the doping dependence of the CDW vector. In partic-
ular, we show that the CDW order both in the SC- and
normal-states is driven by the pseudogap-induced EFS
instability, with the CDW vector that is well consistent
with the wave vector connecting the straight tips of the
Fermi arcs. However, although the CDW order coexists
with superconductivity below Tc, this CDW order an-
tagonizes superconductivity30. In this paper, we try to
discuss the physical origin of the PDW order in cuprate
superconductors and of its connection with the interplay
of the CDW order and superconductivity along with this
line. We show that the PDW order is generated by the
interplay between the CDW order and superconductivity,
therefore this PDW order appears automatically in the
SC-state as a subsidiary order parameter, and is absent
from the normal-state. Moreover, we demonstrate that
the onset of the PDW order does not produce an ordered
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2gap, and in this sense, the PDW order is a novel hidden
order.
Our present study of the physical origin of the
hidden PDW order in cuprate superconductors is
based on the framework of the kinetic-energy-driven
superconductivity34,35, which has been employed pre-
viously to study the unusual behavior of the SC-state
quasiparticle excitations in cuprate superconductors36,37
and the related interplay of the CDW order and
superconductivity30. Most importantly, this kinetic-
energy-driven superconductivity is associated with the
single-particle diagonal and off-diagonal Green’s func-
tions G(k, τ − τ ′) = − < TτCkσ(τ)C†kσ(τ ′) > and
=†(k, τ−τ ′) =< TτC†k↑(τ)C†−k↓(τ ′) > of the t-J model in
the charge-spin separation fermion-spin representation,
which have been derived within the framework of the full
charge-spin recombination as36,
G(k, ω) =
1
ω − εk − Σ1(k, ω)− [Σ2(k, ω)]2/[ω + εk + Σ1(k,−ω)] , (1a)
=†(k, ω) = − Σ2(k, ω)
[ω − εk − Σ1(k, ω)][ω + εk + Σ1(k,−ω)]− [Σ2(k, ω)]2 , (1b)
where the bare electron excitation spectrum εk =
−Ztγk + Zt′γ′k + µ, with γk = (coskx + cosky)/2, γ′k =
coskxcosky, t and t
′ are the nearest-neighbor (NN) and
next NN electron hopping amplitudes in the t-J model,
respectively, Z is the number of the NN or next NN
sites on a square lattice, and µ is the chemical potential,
while the electron self-energies Σ1(k, ω) in the particle-
hole channel and Σ2(k, ω) in the particle-particle channel
originated from the interaction of electrons with spin ex-
citations have been evaluated in terms of the full charge-
spin recombination, and are given explicitly in Ref. 36.
In the framework of the kinetic-energy-driven super-
conductivity, the electron self-energy Σ2(k, ω) describes
a coupling of the electron pair interaction strength and
electron pair order parameter, and in the static limit, it
thus is defined as the momentum dependence of the SC
gap30,36 ∆¯s(k) = Σ2(k, ω = 0). On the other hand, the
electron self-energy Σ1(k, ω) describes the single-particle
coherence, and therefore is closely related to the pseudo-
gap as30,36,
Σ1(k, ω) ≈ [∆¯PG(k)]
2
ω + ε0k
, (2)
where the energy spectrum ε0k and the momentum de-
pendence of the pseudogap ∆¯PG(k) have been obtained
explicitly in Ref. 36.
With the help of the above single-particle diagonal
Green’s function (1a), we can obtain the quasiparti-
cle excitation spectrum I(k, ω) ∝ nF(ω)A(k, ω), with
the fermion distribution nF(ω) and the electron spectral
function A(k, ω) = −2ImG(k, ω). This quasiparticle ex-
citation spectrum therefore describes the energy and mo-
mentum dependence of the ARPES spectrum38–40. On
the experimental hand, the combination of the resonant
X-ray scattering (RXS) data and EFS measured results
using ARPES have revealed a quantitative link between
the CDW vector QCDW and the momentum vector con-
necting the tips of the straight Fermi arcs11,15,16, which
in this case coincide with the hot spots on EFS. However,
on the theoretical hand, we28–30 have studied the quanti-
tative connection between the collective response of the
electron density and the low-energy electronic structure
within the framework of the kinetic-energy-driven super-
conductivity, and the obtained results are well consistent
with these RXS and ARPES experimental data11,15,16.
In Fig. 1, we plot the quasiparticle excitation spectrum
I(k, 0) as a function of the momentum in (a) the SC-
state and (b) the normal-state at doping δ = 0.09 with
temperature T = 0.002J for parameters t/J = 2.5 and
t′/t = 0.3. Obviously, the results in Fig. 1 indicates that
there are two continuous contours in momentum space,
which are labeled as kF and kBS, respectively. How-
ever, some striking features appear: (A) The low-energy
spectral weight on the constant energy contours kF and
kBS around the antinodal region has been gapped out
by the pseudogap, and then the low-energy quasiparticle
excitations occupy disconnected segments located at the
contours kF and kBS around the nodal region; (B) How-
ever, the highest peak heights are located at the tips of
the disconnected segments, where the most quasiparti-
cles are accommodated; (C) The tips of the disconnected
segments on the contours kF and kBS converge at the
hot spots to form a closed Fermi pocket8–10,41, with the
disconnected segment at the first contour kF is called the
Fermi arc, while the other at the second contour kBS is
associated with the back side of the Fermi pocket; (D)
These Fermi pockets appear both in the SC- and normal-
states, and are not symmetrically located in the Brillouin
zone, i.e., they are not centered around [±pi/2,±pi/2]; (E)
The quasiparticle scattering wave vector between the tips
of the straight Fermi arcs both in the SC- and normal-
states shown in Fig. 1 (red lines) at the underdoping
δ = 0.09 is QHS = 0.280 (hereafter we use the reciprocal
units), which is in good agreement with the experimental
average value of the CDW vector QCDW ≈ 0.29 observed
both in the SC- and normal-states of the underdoped
3(a) (b)
FIG. 1: (Color online) The intensity map of the quasiparticle excitation spectrum I(k, 0) in the [kx, ky] plane in (a) the SC-state
and (b) the normal-state at δ = 0.09 with T = 0.002J for t/J = 2.5 and t′/t = 0.3. The pairing of electrons and holes at k and
k+Q [red lines in (a) and (b)] drives the CDW order formation, and the electron pairing at k and −k−Q states [dashed-red
lines in (a)] governs the hidden PDW order, while the electron pairing at k and −k states [yellow lines in (a)] is responsible
for superconductivity.
cuprate superconductors11–22, indicating that the CDW
order both in the SC- and normal-states is driven by the
EFS instability. However, it should be emphasized that
the momentum dependence of the CDW gap at the tips
of the Fermi arcs is very small (∼ 0)11–22, which directly
contradicts the standard CDW picture where an energy
gap is expected at precisely that points. Moreover, we
have also shown that this CDW vector is doping depen-
dent, with the magnitude of the CDW vector QCDW that
decreases with the increase of doping, also in good agree-
ment with experimental results11,15,16.
We are now ready to discuss the physical origin of the
PDW order in cuprate superconductors and of its con-
nection with the interplay between the CDW order and
superconductivity. In the above discussions, the quasi-
particle excitation spectrum I(k, ω) is obtained in terms
of the electron spectral function, and therefore the essen-
tial behavior of the quasiparticle excitations in cuprate
superconductors is completely determined by the elec-
tron spectral function [then the single-particle diagonal
Green’s function (1a) and the related electron self-energy
(2)]. However, we find that these single-particle diago-
nal and off-diagonal Green’s functions in Eq. (1) and
the related electron self-energy in Eq. (2) can be also
reproduced exactly by a phenomenological Hamiltonian,
H =
∑
kσ
εkC
†
kσCkσ −
∑
kσ
ε0kC
†
k+QσCk+Qσ
+
∑
kσ
∆¯PG(k)(C
†
k+QσCkσ + C
†
kσCk+Qσ)
−
∑
k
∆¯s(k)(C
†
k↑C
†
−k↓ + C−k↓Ck↑), (3)
where the dispersions of εk and ε0k, the SC gap ∆¯s(k),
and the pseudogap ∆¯PG(k) are given explicitly in Eqs.
(1) and (2). In particular, the pseudogap ∆¯PG(k) has
been identified as the momentum dependence of the
CDW gap. In our previous discussions, we29 have shown
that this pseudogap ∆¯PG(k) has a strong angular de-
pendence, where ∆¯PG(kF) exhibits the largest value
around the antinodes, however, the actual minimum of
∆¯PG(kF) ∼ 0 does not appear around the nodes, but lo-
cates exactly at the tips of the Fermi arcs, which is well
consistent with the experimental observations11–22. This
phenomenological Hamiltonian (3) consists of two parts,
the CDW part with the momentum dependence of the
CDW gap ∆¯PG(k), and the SC part with the momen-
tum dependence of the SC gap ∆¯s(k). In this case, two
basic low-energy excitations for the SC quasiparticle and
CDW quasiparticle, respectively, should emerge as the
propagating modes, with the scattering of the SC quasi-
particles that mainly are responsible for superconductiv-
ity, while the scattering of the CDW quasiparticles domi-
nates the CDW fluctuation. It should be emphasized that
this type Hamiltonian (3) has been usually employed to
phenomenologically discuss the physical behavior of the
CDW order and of its interplay with superconductivity
in cuprate superconductors24–27.
In the framework of the equation of motion, the time-
Fourier transform of the single-particle diagonal and off-
diagonal Green’s functions G(k, ω) and =†(k, ω) of the
Hamiltonian (3) satisfies the following equations42,
(ω − εk)G(k, ω) + ∆¯s(k)=†(k, ω)
+ ∆¯PG(k) < TτCk+Qσ(τ)C
†
kσ(τ
′) >ω= 1, (4a)
(ω + εk)=†(k, ω) + ∆¯s(k)G(k, ω)
+ ∆¯PG(k) < TτC
†
k+Q↑(τ)C
†
−k↓(τ
′) >ω= 0. (4b)
4However, it is clear from these equations that for obtain-
ing the single-particle diagonal and off-diagonal Green’s
functions G(k, ω) and =†(k, ω), we need to introduce an-
other two Green’s functions,
GCDW(k, τ − τ ′) = − < TτCk+Qσ(τ)C†kσ(τ ′) >, (5a)
=†PDW(k, τ − τ ′) = < TτC†k+Q↑(τ)C†−k↓(τ ′) >, (5b)
which therefore describe the CDW and PDW states, re-
spectively. After a straightforward calculation, we find
that the time-Fourier transform of the CDW and PDW
Green’s functions GCDW(k, ω) and =†PDW(k, ω) satisfies
the following equations42,
GCDW(k, ω) =
∆¯PG(k)
ω + ε0k
G(k, ω), (6a)
=†PDW(k, ω) = −
∆¯PG(k)
ω − ε0k =
†(k, ω). (6b)
Substituting these CDW and PDW Green’s functions in
Eq. (6) into Eq. (4), the single-particle diagonal and
off-diagonal Green’s functions G(k, ω) and =†(k, ω) of
the Hamiltonian (3) are obtained explicitly, and then
these obtained single-particle diagonal and off-diagonal
Green’s functions G(k, ω) and =†(k, ω) are the exactly
same as quoted in Eq. (1) and the related the electron
self-energy in Eq. (2).
From the above discussions, we therefore confirm
that the single-particle diagonal and off-diagonal Green’s
functions G(k, ω) and =†(k, ω) in Eq. (1) and the re-
lated the electron self-energy in Eq. (2) obtained based
on the kinetic-energy-driven superconductivity can be re-
produced exactly from the phenomenological Hamilto-
nian (3) in terms of the CDW and PDW Green’s func-
tions GCDW(k, ω) and =†PDW(k, ω), which therefore also
reveal clearly the secrets of the PDW order: (i) As in
the case of the CDW order, the appearance of the PDW
Green’s function =†PDW(k, ω) in the calculation of the
single-particle diagonal and off-diagonal Green’s func-
tions G(k, ω) and =†(k, ω) also means the existence of
the PDW order as shown in Fig. 1a (dashed-red lines)
and its coexistence with the CDW order and supercon-
ductivity in the SC-state. However, since the Hamilto-
nian (3) describes obviously the interplay between the
CDW order and superconductivity only, the automatical
appearance of the PDW order is therefore generated by
the interplay of the CDW order with superconductivity,
and can be thought to be the subsidiary order parame-
ter; (ii) However, in a clear contrast to the case of the
CDW order, the appearance of the PDW order does not
need to introduce an obvious PDW order parameter in
the Hamiltonian (3), in other words, the appearance of
the PDW order does not produce an ordered gap in the
quasiparticle excitation spectrum, and in this sense, this
PDW order is a novel hidden order.
In the normal-state, the SC gap ∆¯s(k) = 0, and then
the phenomenological Hamiltonian (3) is reduced as,
H =
∑
kσ
εkC
†
kσCkσ −
∑
kσ
ε0kC
†
k+QσCk+Qσ
+
∑
kσ
∆¯PG(k)(C
†
k+QσCkσ + C
†
kσCk+Qσ), (7)
where the Hamiltonian (7) consists of the CDW part
only with the momentum dependence of the CDW gap
∆¯PG(k). In this case, only one basic low-energy exci-
tation for the CDW quasiparticle emerges as the prop-
agating mode. In particular, the single-particle Green’s
function G(k, ω) of the Hamiltonian (7) is evaluated in
terms of the CDW Green’s function GCDW(k, ω) only,
and then the obtained single-particle Green’s function is
also the exactly same as the single-particle Green’s func-
tion obtained based on the kinetic-energy-driven super-
conductivity and the related the electron self-energy in
the normal-state28,29,36. In this normal-state case, the
interplay of the CDW order with superconductivity dis-
appears, leading to that the novel hidden PDW order is
therefore absent in the normal-state.
Finally, we emphasize that since the CDW gap in the
Hamiltonians (3) and (7) has been identified as the pseu-
dogap ∆¯PG, this is also why the CDW order exists within
the pseudogap phase, appearing below a temperature of
the order of T ∗ well above Tc in the underdoped regime,
and coexists with the hidden PDW order and supercon-
ductivity below Tc
11–23.
In conclusion, within the framework of the kinetic-
energy-driven superconductivity, we have studied the
physical origin of the PDW order in cuprate supercon-
ductors and of its connection with the interplay of the
CDW order with superconductivity by taking into ac-
count the pseudogap effect. Our results show that the
PDW order is generated by the interplay of the CDW or-
der with superconductivity, and therefore automatically
emerges as a subsidiary order parameter in the SC-state.
However, the onset of the PDW order does not produce
an ordered gap in the quasiparticle excitation spectrum,
and in this sense, this PDW order is a novel hidden or-
der. The theory also predicts that this novel hidden PDW
order appeared automatically as a subsidiary order pa-
rameter in the SC-state is absent from the normal-state,
which should be verified by future experiments.
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